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1. INTRODUCTION 
Suppose R is a group and P is a permutation group acting on the set I. 
Let M be the restricted direct product of 111 copies of R. Then the restricted 
wreath product G = R wr( P, I) is the semidirect product of M and P where 
P acts on M by permuting the factors. We are interested in whether or 
not M, referred to as the base subgroup of G, is a characteristic subgroup 
of G. 
In the special case when P acts regularly on Z, i.e., we may take Z= P 
with P acting by right multiplication, then P. M. Neumann [9] showed 
that A4 is not a characteristic subgroup of G if, and only if, 1 PI = 2 and R 
is a special dihedral group (this will be defined in the next section). In [2], 
Yu. V. Bodnarchuk claimed that if P is transitive and consists entirely of 
linitary permutations (i.e., every element of P moves only finitely many 
points of I), and if M is not a characteristic subgroup of G, then P has a 
nonidentity normal elementary abelian 2-subgroup and R is of dihedral 
type (to be defined in the next section). This claim is incorrect and coun- 
terexamples (pointed out to me by L. G. Kovacs) using a construction of 
P. Hall [4] are given in Section 6. Bodnarchuk apparently overlooked the 
possibility that an automorphism of an infinite group can map a subgroup 
into a proper subgroup of itself.’ In the counterexamples to Bodnarchuk’s 
result, the distinct images of the base subgroup under all the auto- 
morphisms of G constitute an infinite totally ordered set under inclusion. 
Bodnarchuk’s argument is valid, however, for finite groups. More 
generally, we show that Bodnarchuk’s result becomes a correct theorem if 
’ It should be noted, however, that there is a reference in [6] to an unpublished result 
by Bodnarchuk which supersedes [2]. According to [6], Bodnarchuk has also proved the 
equivalent of Theorem 5.1 of the present paper. 
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the assumption that P contains only finitary permutations is replaced by 
the assumption that one of the following statements is true: 
(1) P is not isomorphic to any proper factor group of itself. 
(2) For some positive integer II, R I”’ is not isomorphic to a proper 
subnormal subgroup of itself. 
(3) The stabilizer in P of an element of I has finite order. 
Here R’“’ is the nth term of the derived series of R. If P satisfies the 
maximal condition on normal subgroups or R”“, for some n, satisfies the 
minimal condition on subnormal subgroups, then certainly the above 
hypothesis is satisfied. In particular, the above result is applicable if R is 
finite-by-solvable. In Neumann’s result, the stabilizer in P of an element of 
I is the identity and so (3) is satisfied. 
The main thrust of the present paper, however, is not to correct and 
extend Bonarchuk’s result but instead to obtain necessary and sufftcient 
conditions for M to be characteristic in G when G is a finite group. More 
generally, if M is a normal subgroup of a finite group G where A4 is the 
direct product of isomorphic subgroups and G/M is faithfully represented 
as a permutation group acting by conjugation on the set of these sub- 
groups, then it is shown that M is a characteristic subgroup of G unless 
very special conditions are satisfied. 
One way for A4 to not be characteristic is simple enough. Suppose R is 
a special dihedral group and Zz is a cyclic group of order 2. Then (R x R) 
is not a characteristic subgroup of R wr Zz by Neumann’s result. If Q is a 
transitive permutation group on the set A, then Z, wr(Q, A) is a transitive 
permutation group on the set Z, x A. If P = Z2 wr(Q, A), then it is not 
difficult to show that the base subgroup of R wr( P, Z, x A) is not a charac- 
teristic subgroup. It is shown in Section 5 of the present paper that if the 
permutation group is transitive, then this is the only way for the base of a 
finite wreath product to not be a characteristic subgroup. Also when A4 is 
not a characteristic subgroup of G, M has exactly two distinct images 
under the automorphisms of G. If R is a finite group and P is a finite per- 
mutation group, not necessarily transitive, then we show that the base sub- 
group of the wreath product of R and P is a characteristic subgroup unless 
R is a special dihedral group and P has a normal subgroup which is a 
wreath product of Zz and some other group. 
The above result follows from the study of a more general situation of 
which both wreath products and twisted wreath products (as defined in 
[S]) as well as some nonsplit extensions are special cases. Suppose the 
finite group G has a normal subgroup M which is the direct product of 
isomorphic subgroups {R, , R,, . . . . R,} and G/M is faithfully represented as 
a not necessarily transitive permutation group on these subgroups, i.e., for 
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1 d i< r and all x E G, x-‘Ri?r = Ri,,,) where n(x) is a permutation on 
{ 1,2, . . . . r} and the kernel of the homomorphism x -+ rr(x) is M. If A4 is not 
a characteristic subgroup of G, then it is shown that Rj is a special dihedral 
group, and G has a normal subgroup T containing A4 such that T/M is 
isomorphic to the wreath product of a group of order 2 and a permutation 
group of degree d where 2d d m and G/T is isomorphic to a subgroup of 
the symmetric group of degree (m - 2d). Further, O,(G) = O?.(M) and if 
H/M is the base subgroup of T/M, then H is a characteristic subgroup of 
G, H/O,,(G) is a 2-group of class 2 with @(H/02.(G)) = (H/O,.(G))‘< 
Z(H/O,,(G)) < M/O,.(G), and H is generated by all the automorphic 
images of M. The number of distinct automorphic images of M is at most 
2’ where s is the number of nontrivial orbits of n(G). If z(G) is transitive, 
then T= G, m = 2d, s = 1, and H/O,.(G) is the direct product of d copies 
of the dihedral group of order 8. We also show that many “large” abelian 
subgroups of G are contained in M. 
Suppose G is a finite group with normal subgroups M and N where A4 
is the direct product of isomorphic subgroups {R,, . . . . R,), N is the direct 
product of isomorphic subgroups (S,, . . . . S,}, and G/M and G/N are faith- 
fully represented as permutation groups on {R,, . . . . R,) and (S,, . . . . S,}, 
respectively. Then we show that unless special circumstances occur, either 
M contains N or N contains M. This is related to the question of whether 
a given group could be isomorphic to two different wreath products, say 
R wr( P, I) and S wr( Q, J). 
It should be noted that in this paper we are concerned with 
isomorphisms between wreath products as abstract groups and not as per- 
mutation groups. To make clear the difference, let G be the wreath product 
of two groups of order 2. Then G is a dihedral group of order 8 and the 
base subgroup of G is not a characteristic subgroup of G. If, however, we 
consider G as a permutation group of degree 4, then the base subgroup is 
unique since it is not transitive whereas the other normal elementary 
abelian subgroup of order 4 in G is transitive. The question of how a given 
permutation group can be expressed as a wreath product of permutation 
groups is considered in [7]. 
After definitions and preliminary results in the next section, we derive 
our results concerning finite groups in Sections 3, 4, and 5. In Section 6, we 
begin by giving the counterexamples to Bodnarchuk’s “theorem” followed 
by a corrected version of his work. 
2. NOTATION AND PRELIMINARY RESULTS 
In this paper all permutations and automorphisms operate on the right. 
The cardinality of the set S is denoted by ISI. For any positive integer n, n 
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is the set [ 1, 2, . . . . n} and Z,, is a cyclic group of order ~1. If R is any group 
and I is a nonempty set, then the restricted direct product LR’ is the group 
consisting of all functions .f defined on I with values in R and such that 
f(i) = 1 for all but a finite number of elements of I. If P is a group of 
permutations of Z, then P operates on ZR’ according to the rule 
f‘(i) =f(h ‘) 
for all f EXR’, iE I, and XE P. The restricted wreath product R wr(P, I) is 
the semidirect product of ZR’ and P. If I= P and the representation of P 
on I is the regular representation then we have the restricted standard 
wreath product R wr P. 
We identify ZR’ and P with the obvious subgroups of R wr(P, I); ZR’ 
is called the base subgroup of R wr( P, I). Every element of the group 
R wr(P, I) can be uniquely written as ,~f with .YE P and f e CR’. If R 
is a permutation group acting on a set J, then R wr(P, I) is faithfully 
represented as a permutation group on the set Ix J according to the rule 
( i, j ) xf = ( ix, jf( ix ) ) 
for all i E I, je J, x E P, and f E ZR’. 
If n is an integer, then S, is the group of all permutations of n. The 
degree of a permutation group is the cardinality of the set on which it acts; 
a permutation group of degree 0 is just the identity. A transposition is a 
permutation which interchanges two points and fixes all other points. An 
orbit of a permutation group is just the set of all images of some point and 
the length of the orbit is just its cardinality. An orbit is said to be trivia1 
if it is of length 1. 
The automorphism group of the group G is denoted by Aut(G), the sub- 
group of inner automorphisms by Inn(G), and if XE G, then the inner 
automorphism g + I -‘g-u is denoted by i,. If H is an element or a sub- 
group in G, then H-’ is the image of H under i,. Then [x, ~1, the com- 
mutator of x and y, equals x -‘x1’. Commutators of longer length are 
defined inductively by 
cx 1, . . . . x,1 = cc,u,, ..*7 -%I, &I 
if n > 2. A group is nilpotent of class dc if [x,, . . . . .Y,.+ ,] = 1 for all 
-XI 9 . . . . x,. + 1 E G. The subgroup generated by a subset S of a group is 
denoted by (S). The normal closure of S in G is (?c- ‘sx I .Y E G, s E S). If 
H is a subgroup of G and K is a nonempty subset of G, then [H, K] = 
([h, k] 1 h E H, k E K). The commutator subgroup of G is G’ = [G, G] and 
the derived subgroup G(“) is defined inductively by G”‘= G and G’“+ ” = 
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(G’“‘)‘. The Frattini subgroup of G is the intersection of all maximal 
subgroups and is denoted by Q(G). 
If G is a group, then we write H< G (H < G) to indicate that H is a 
(proper) subgroup of G and Z-Z g G (H Q G) if H is a (proper) normal 
subgroup of G. A subgroup H of the group G has a complement if G if 
there is a subgroup K in G such that G = HK and H n K = 1. If S is a set 
which operates on G, then C,(S) is the set of all elements of G fixed by 
every member of S. In particular, Z(G), the center of G, is C,(G). If the 
group A acts on the group G and if H < G, then NA( H) is the subgroup of 
A consisting of those elements of A which map H onto itself. The group G 
involves the group K if K is a homomorphic image of some subgroup of G. 
A group G is said to be of dihedral type if G = (u) H where H is an 
abelian subgroup, u is an element of order 2, and u -‘AU = h - ’ for all h E H. 
Note that every elementary abelian 2-group is of dihedral type. If, in addi- 
tion, the mapping h + 1z2 is an automorphism of H, then we follow [9] and 
say that G is a special dihedral group. If G is a finite group of dihedral 
type, then G is a special dihedral group if, and only if, IGI = 2 mod 4). The 
dihedral group of order 2n is the group of dihedral type with H a cyclic 
group of order n. 
We say that H is a CE-subgroup of the group G if H < G, if the 
following three subsets {a~ Aut(G) 1 H” = H}, {a~ Aut(G) 1 H” < H, and 
{(TE Aut(G) ) H”> H} are non empty, and if Aut(G) is the union of them. 
(Here, CE stands for contraction-expansion.) If H is a CE-subgroup of G, 
then JH( must be infinite and the set of all images of H under the 
automorphisms of G is a totally ordered set under inclusion without a first 
or last element and Aut(G) induces a transitive group of order-preserving 
permutations on this set. 
A group G is said to be hoplian if G is not isomorphic to G/K for any 
nonidentity normal subgroup K of G. We will call a group co-sn-hopfian 
if it is not isomorphic to any proper subnormal subgroup. Obviously, if a 
group satisfies the maximal condition on normal subgroups, it is hoplian; 
also it is co-sn-hopfian if the minimal condition on subnormal subgroups 
is satisfied. 
If w is a set of primes and n is a positive integer, let n, denote the largest 
divisor of n all of whose prime factors belong to w. The set of primes not 
belonging to Q is denoted by o’; thus 2’ is the set of all odd primes. If G 
is a finite group, O,(G) denotes the largest normal o-subgroup of G. 
The socle of G, written Sot(G), is the subgroup generated by all minimal 
normal subgroups of G. 
If G is a finite group, then m(G) denotes the minimum number of 
elements necessary to generate G. If p is a prime, the p-rank m,(G) of the 
finite group G is the maximum of m(A) as A ranges over the abelian 
p-subgroups of G. If P is a finite p-group for some prime p, then J(P) is the 
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subgroup of P generated by all the abelian subgroups of maximal order in 
P and J,,(P) is the subgroup generated by all abelian subgroups of maximal 
rank in P. We denote by Q,,(P) the subgroup of P generated by all 
elements of order dividing p”. 
Now suppose G is a finite group and n is positive integer. Let Y be the 
set of all abelian subgroups of G such that X” = 1 for all x E A. Then p,JG) 
is the maximum of IAl for all A E P, we use J(G, n) to denote the subgroup 
generated by .(A E Y 1 JAI = ,M,,(G)J. Note that if P is a p-group, then 
J(P, JPI ) = J(P). Also note that m,(G) is the logarithm to the base p of 
p,(G). The remaining notation is standard. 
2.1. LEMMA. Suppose m and n are integers with m > 1 and n > 2. Then 
nm > mn and equality occurs tf, and onl}? if, either m = 1 or m = n = 2. 
Proof: This is obvious if m is 1 or 2. Thus assume ma 3. If f(~) = 
In x/(x- 1) for x3 3, thenf’(?c) < 0. Hencef(m) <f(3). Therefore, 
In m/(m - 1) < In 3/2 < In 2 < In n 
and this leads to n”’ > mn. 
2.2. LEMMA. Suppose K is a simple nonabelian group which is a subnor- 
mal subgroup of the finite group G. Then the normal closure of K in G is a 
minimal subgroup of G and it is the direct product of all distinct conjugates 
of K in G. 
Proof This follows from results in [IO]. 
2.3. LEMMA. Suppose M is the direct product of n copies of a finite group 
R and let o be an automorphism of M such that o permutes the copies of R 
among themselves but o does not fi,x each such copy. Then 1 C,,.,(a)1 < 1 RI” ‘. 
Proof If cr has d orbits on (R ,,..., R,,}, then d<n- 1. If {R ,,..., R,} 
is an orbit for (cr), then the set of elements fixed by ~7 in (R,, . . . . R,,) is 
a diagonal subgroup of R, x ... x R,“. It follows that 
IC,(a)l d IRId,< PI”-‘. 
2.4. LEMMA. Let G and H be finite groups and let n be a positive integer. 
Then J(GxH,n)=J(G,n)xJ(H,n). 
Proof This follows from the fact that if A is an abelian subgroup of 
G x H, then A d G, x H, for some abelian subgroups G, and H, of G and 
H, respectively, and both G, and H, are homomorphic images of A. 
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3. CONDITION (*) 
DEFINITION. We say that (G, M, R, r) satisfies (*) if 
(a) G is a finite group, M 4 G, R is a group, and r is a positive 
integer. 
(b) M=R, x ... xR, where RisRfor l<i<rand (Ril l<i<r) 
is a union of conjugacy classes in G. 
(c) G/M is faithfully represented as a permutation group on 
( {Rj 1 16 i < r}. (Thus, an element of G normalizes Rj for all i, 1 < i 6 r, 
if, and only if, it belongs to M.) 
Throughout this section we assume that (G, M, R, r) satisfies (*). 
We also wish to fix some notation in connection with this hypothesis. Let 
I= { 1, . ..) r} and let 7c be the representation of G as a permutation group 
acting on I defined by x-‘Rix = R+). Clearly, the kernel of II is M. Let 
pi denote the projection of M onto Ri. Note that if Mb If6 G, then 
(Jf, M, R, r) also satisfies (*). Also since M is a proper subgroup of G, both 
IRJ and r must be > 1. 
3.1. LEMMA. M contains Sot(G). If Sot(G) is not abelian, then M is a 
characteristic subgroup of G and if the function x is defined bj 
x(x) = 1 {S 1 S is a subnormal, simple, nonabelian subgroup of G and s” = S} 1, 
then x(g) = x( g”) for all g E G and (r E Aut(G) and x(x) > x(y) whenever 
JIEG-MandxERifor l<i<r. 
Proof. If K is a minimal normal subgroup of G and K is not contained 
in M, then K n M = I and so [K, M] = 1. Then K normalizes each Ri and 
this forces K to be contained in 44. Hence, M contains each minimal 
normal subgroup of G and so Ma Sot(G). 
Now suppose Sot(G) is not abelian. Then there is a minimal normal sub- 
group of G which is the direct product of isomorphic simple nonabelian 
groups. Let A be the set of all simple nonabelian subnormal subgroups of 
G and let Ai be the set of all simple nonabelian subnormal subgroups of Ri. 
If KE A, then, by 2.2, the normal closure of K in G is contained in 
Sot(G) < M. Then, again by 2.2, the normal closure T of K in M is a mini- 
mal normal subgroup of A4. Since T’ # 1, [T, Ri] # 1 for some i. Since 
[T, Ri] d T n Ri and since T is a minimal normal subgroup of M, we see 
that T< Ri for some i. Then KE Ai for some i. Therefore, A is the disjoint 
union of the sets {Ai I 1~ <i<r}. Let k= (A,l. Then IAl =rk and k>O. 
The function x as defined above is the permutation character of G acting 
on A; since Aut( G) must fix the set A we see that x(g) = I( g”) for all g E G 
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and Q E Am(G). If .Y E G, then i, permutes the sets { Ai 1 I c i 6 I’) among 
themselves. If J’EG-M, then i,. moves at least two of these sets and so 
;(( J) 6 (r - 2)k. On the other hand, if .K E Ri, then i, fixes each member of 
Aj for j# i and so X(X) 3 (Y - 1)k. It now follows that if XE R, and 
J’E G- M, then x(.u) <X(J). It follows therefore that RP < M for all 
0 E Am(G) and 1 < i < r. This implies that M is a characteristic subgroup 
of G. 
3.2. h3fMA. If o is a set of primes and R is not an o-group and if 
M<H<G, then O,(H)=O,,(G)=O,(M)=O,,(R,)x ,.. xO,,(R,) and 
(G/O,(G), M/O,(G), RIOJR), r) satisfies (*I. 
Proof: Let T = O,(H). Then T n M = O,(M) = O,,( R, ) x . . . x O,,,( R, ). 
Since M is not an o-group, O,( Ri) < Ri for all i. Suppose .Y E T but .Y 4 M. 
Then for some i, .x-‘Ri.x # R;. Choose y to be an element in Ri whose 
order is some prime not in w. Then [I’, x] E [M, T] < T n M = O,(M). 
But rci( [y, x]) = J’- ’ which is not an o-element. Therefore T< M and then 
T= O,(M). Since H could be any subgroup of G which contains M, it 
follows that O,(G) = O,,(M). It is now easy to verify that (G/O,,(G), 
M/O,(G), R/O,,(R), r) satisfies (* ). 
The next few results giving information about certain abelian subgroups 
of G generalize Theorem 1 of [ 11. 
3.3. LEMMA. Suppose A is an abelian subgroup of G such that M nor- 
malizes A but does not contain A. Then etlery orbit of x(A) has length at 
most 2, A/( A n M) is an elementary abelian 2-group, and both A and R are 
2-groups. If A is an elementary abelian group, then so is R. 
Proof Suppose (R,, R,, R,, . . . ) is an orbit of n(A) of length 23. Then 
A must contain elements .Y and y such that .Y- ‘R, .X = R, and 
J’-‘R, .V = R,. If 2 is a nonidentity element of R,, then 
Now ZE R,, Z-‘E R,, 2.I E R,, and zX.’ E Rj for some j. No matter what j is, 
we see that p,([;, x, ~1) # 1 for some iE {l, 2, 3). Thus [z, x, ~1 # 1. But 
[z, .x, y] E [M, A, A] < [A, A] = 1 
since A is an abelian subgroup normalized by M. Thus every orbit of z(A) 
is of length 1 or 2. Then A/(A n M) is an elementary abelian 2-group. If R 
were not a 2-group, it would follow from 3.2 that O,(AM) < M. But a 
Sylow 2-subgroup of A is a normal subgroup of AM (since A is abelian 
and M normalizes A). If M contained a Sylow 2-subgroup of A, then 
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A/(A n M) would not be a 2-group. Hence R and M must be 2-groups. 
Since A/(A n M) is a 2-group, then A also is a 2-group. 
Now suppose t is an element of order 2 in A with t 4 M. Then t must 
interchange Ri and Rj for some i# j. Let y be any element of Ri and 
let z = tr’yt. Then tr’zt = y and pi( [y, I, t]) = pi(zd2y2) = p2. Since 
[y,r,t]~[M,A,A]=1,weconcludethat~~=1forall~~RandsoRis 
an elementary abelian 2-group. 
The next result is crucial for all of the work in Sections 3, 4, and 5. It 
is proved in more generality than is needed for the present paper since the 
generalization is used in a subsequent paper. 
3.4. THEOREM. Let n be a positive integer such that u”(R) > 1. Then 
u,(G) = u,(M) = u,(R)‘. Zf .Z(G, n) is not contained in M, then u,J R) = 2. 
Further, if A is an abelian subgroup of G of exponent dividing n and 
IAl =u,(G) but A is not contained in M, then IAl = 2’, every orbit of n(A) 
has length < 2, A n M is an abelian subgroup of exponent dividing n of maxi- 
mal order in C,,,,(A), n(A) is elementary abelian of order 2” where s is the 
number of nontrivial orbits of X(A), and if {i, j’, is an orbit of +A) of length 
2, then 3a E A such that rr(a) is the transposition (ij). 
Proof If J(G, n) GM, then the result is clear. Assume then that A is an 
abelian subgroup of G such that Y = 1 for all x E A and ) Al = p,(G) but A 
is not contained in M. Let t = p,,(R). Now M has an abelian subgroup of 
order t’ and exponent dividing n; thus IAl k t’. Let A,, . . . . Ak be all the 
orbits of n(A) and let di = I Ail. Let Ki be the kernel of the representation 
of x(A) on A;. Then z(A) is the subdirect product of the groups 
{n(A)/Ki ( 1 < i<k). A transitive abelian permutation group must act 
regularly; thus z(A)/Ki has order di. It now follows that In( < 
d,d2...dk. 
Since A is abelian, A n M d C,(A). If {R,, . . . . Rd} is an orbit of n(A), 
then 
C <R,,...,RJA) 
is isomorphic to a subgroup of R. It now follows that C,(A) is isomorphic 
to a subgroup of the direct product of k copies of R. Thus A n M is 
isomorphic to an abelian subgroup of exponent dividing n of the direct 
product of k copies of R. It follows from this that IA n MI 6 tk. Now 
rr( A) z A/(A n M) and so, using 2.1, we obtain 
IAI=ln(A)I IAnMIcfi d,t<fi tdi=t’ 
i=l i=l 
since d, + d, + ... + dk = r. Since we earlier had IAl >, t’, we see that 
4XI 147 I-11 
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JA 1 = t’. Then it follows that p,(G) = p,(M) = pL,(R)‘, A n M is an abelian 
subgroup of exponent dividing n of maximal order in (ZW(A), In(A)I = 
d, d, . .. dkr and dir = t4 for 1 < i 6 k. It follows from 2.1 that dj Q 2 for all 
i. Further, since n(A) # 1, at least one di is 2. Hence, from 2.1, I = 2. Then 
p,(R) = 2 and IAl = 2’. Since each orbit of rc(A) is of length 1 or 2, ,Y’ = 1 
for all .Y E 7r(,4). Therefore n(A) is an elementary abelian 2-group. Ifs is the 
number of dl’s equal to 2, then lx(A)1 = d,d2 ... dk = 2”. Finally, let A be 
one of the orbits of length 2. If there were no element a~ A such that ~(a) 
is a transposition interchanging the elements of A and fixing all other 
points of 1, then 7c(,4) could have order at most 2’- ‘. 
The next corollary includes Lemma 2.4 of [3]. 
3.5. COROLLARY. If R is abelian and IR( > 2, then M is the unique 
abelian subgroup of maximal order in G and M is a characteristic subgroup 
of any subgroup of G which contains it. 
Proof This follows directly from the theorem if n is set equal to ICI. 
3.6. COROLLARY. Let p be a prime with ) RI, > 1 and let P be a Sylow 
p-subgroup of G. Then 
(a) m,(G)=m,(M)=m,(R)r. 
(b) rfp,(R)>2, then J,(G)=J,(PnM)<M 
(c) V 14, > 2, then J(P) = J(Pn W G M and lCJ~p,(x)I > IC,&y)l 
whenever x E P n Ri for 1 < i < r and y is an element of P not contained in 
M. 
Proof Part (a) follows from the theorem and the fact that m,(G)= 
log,(/#W. 
Now assume that p(,( R) > 2. Then J(G, p) < M and pc,(G) = pk’ where 
k = m,,(R). Suppose A is an abelian subgroup of P and m(A) = kr. Then 
I-Q,(A)I = pk’ and so S2,(A)<J(G, p) GM. Let Bi be the projection of 
Q,(A) into Ri. Then Bi is an elementary abelian p-subgroup of Ri and 
G,(A)< B, x ... x B,. Since (Bil <pk and 152,(A)l = pkr, we see that 
IBi( = pk and Q,(A)= B, x ... x B,. Now A centralizes each Bi and it 
follows from this that A must normalize each Ri. Then A < M. This implies 
that JO(G) = J,,( P n M) < M. 
Finally, assume that 1 RI, > 2. If A is an abelian subgroup of maximal 
order in P, then it follows from 3.4 with n = IGJ, that A SM. Hence J(P) < 
PnM, and so J(P)=J(PnM). Let Q=PnMand Pi=PnRi. Then Q 
is a Sylow p-subgroup of M, Pi is a Sylow p-subgroup of Ri, 
Q=P,x . . . xP,, and J(P)=J(Q)=J(P,)x . . . xJ(P,). 
Now let x E Ri for some i and let S = J(P,). Since lRlp > 2, JSl # 1 and 
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J(P) is the direct product of r copies of S; x centralizes r - 1 of these copies 
and normalizes the other. Since a p-element acting on a nonidentity 
p-group must fix some nonidentity element, we dhave 
On the other hand, if y E S but )’ 4 M, then y permutes the copies of S and 
does not fix all of them. Hence, by 2.3, 
ICJ,P,(Y)l G IsI’-’ < ICJ(P,(X)l. 
The necessity for different hypotheses in (b) and (c) is shown by the 
example G = Q wr Z, with Q the quaternion group of order 8. Here 
J,,(G) = G but J(G) = Q x Q. 
3.7. COROLLARY. Let p be a prime with lRlp > 2. If P is a Sylo~ 
p-subgroup of M and TV E Aut( G), then P” d M. 
Proof Let T be a Sylow p-subgroup of G containing P. Then 
3y E Inn(G) such that TuY = T. Let LX= ay and let x E P n Ri for some i. 
Since Ta = T, a must fix J(T). Hence 
It now follows from 3.6(c) that x’ E it4. Since this holds for all x E P n Rj 
and all i, P” d M. Since M’ = M, we must have P” < M. 
3.8. LEMMA. If M is not a characteristic subgroup of G, then R is a 
special dihedral group and O,.(G) = O,.(M). 
ProoJ: There must be a prime p and a Sylow p-subgroup P of M and 
(T E Aut(G) such that P” is not contained in M. But then I RI, must be 2 by 
Corollary 3.7. Hence a Sylow 2-subgroup of R has order 2. Then R must 
have a normal 2-complement. Since R is not a 2’-group, O,(G) = O,,(M). 
Let T= O,.(M) and let S = O,(Ri) for some i. Then RJS has order 2. Let 
x be an element of order 2 in Ri. Since T” = T but M” #M, we may 
choose i so that x0 4 M. Now T is the direct product of r copies of S and 
so 
IC,(XI = IY- l lC,(x)l 
whereas 2.3 implies that 
IC,(x”)l < ISIr-‘. 
Since [C,(X)/ and C,(Y’)l must be equal, we conclude that C,(x) = 1. This 
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implies that S is abelian and .Y- ‘KY = u ’ for all u E S [S, V.8.181. Thus R 
is a special dihedral group. 
Now we deal with the case when ) RI = 2 and M is not a characteristic 
subgroup of G. 
3.9. LEMMA. Suppose [RI = 2, A is a normal elementar~~ ahelian 
2-subgroup of order 2’ in G, and A # M. Then C,,,(A) = A n M and the 
follokng statements are true: 
(1) If A is a nontrivial orbit of x(A), then IAl = 2 and A is fi,ued 6,) 
x(B) uvhenever B is an abelian subgroup of G such that AM Q NJ B). 
(2) If d is the number of nontrivial orbits of x(A), then AM is the 
direct product of d copies of a dihedral group of order 8 and an elementaq 
abelian group of order 2’ mm2d. 
(3) If B is a subgroup of G such that B 2 A and BM = AM, then 
B=A. 
Proof The fact that C,(A) = A n M and that every nontrivial orbit of 
Z(A) has length 2 follows from 3.4 (with n = ICI). Now let A = {i, j} be a 
nontrivial orbit of n(A) and let B be an abelian subgroup of G such that 
AM normalizes B but x(B) does not fix A. Then 3b E B such that 
An(b) # A. Since A A G, An(b) must be another orbit of A. Since, by 3.3, 
n(b)‘= 1, we see that we may assume that ix(b)=i’, jx(b)= j’, i’rc(b)=i, 
j’x(b) = j, and {i, j, i’, j’} are all distinct. It follows from 3.4 that 3aE A 
such that n(a) is the transposition (0). Then n(a) n(b) contains the 4-cycle 
(ij’ji’). If x=ab and J is a nonidentity element of Ri, it is straightforward 
to verify that 
[ ?; x, x, l-1 # 1. 
Hence [M, AB, AB, ABJ # 1. Since M normalizes AB, we have 
[AB, AB, AB] # 1. But A and B are normal abelian subgroups of AB and 
so AB is nilpotent of class 6 2 [S, 11.4.11. Hence we have a contradiction 
and so A is fixed by every abelian subgroup normalized by AM. 
Since A is elementary abelian, A A M must have a complement U in A. 
Then n(A)=n(U)z U. If A= {i,j} is a nontrivial orbit of n(A), then there 
must be some element U, E A such that x(u~) is the transposition (ii). If L, 
is the group generated by Ri, R,, and uA, then L, is dihedral of order 8. 
For future use, note that the two elementary abelian subgroups of order 4 
in L, are L, n M and L, n A (here we are using the fact that C,(A) < A). 
Next let E be generated by all Rk such that {k) is a trivial orbit of n(A). 
Then it is easy to check that AM is the direct product of E and the groups 
{L, 1 A is a nontrivial orbit of n(A)}. This proves (2). 
Now assume that B is a subgroup of G such that Bz A and BM= AM. 
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Then X(B) = z(A). It follows that A and B induce the same automorphisms 
of M. Then C,(A) = C,(B). But, by 3.4, C,(A) = A n M and C,(B) = 
B n M. Therefore A n M = B n M. Now 
AM=L,x ... xL,xE, 
where Li is a dihedral group of order 8 for 1~ i < d and E is an elementary 
abelian group of order 2rP2d contained in M. Also E < C,,,,(A) = 
A n M d B. If Bi is the projection of B into Li, then 
B<B,x ... xB,xE. 
Since Bi is an elementary abelian subgroup of a dihedral group of order 8, 
lBil <4. From 
IBI=2’=4dIE131B,l..-lBdl \E\, 
we see that B=B, x ... x B,x E and JB,I = ... = JB,I =4. Our previous 
work yields that for each i, Bi is either contained in A or in M but not 
both.NowifBi~M,thenBi~BnM=AnM~A.HenceBj~AforallA. 
This implies that B < A and so B = A. 
3.10. COROLLARY. Assume ) RI = 2 and let s be the number of nontrivial 
orbits of R(G). Then the number of normal subgroups of G which are 
isomorphic to M is at most 2”. 
Proof. Suppose A is a normal subgroup of G such that A z M. Let J be 
the set of elements of I which are moved by K(A) and let K = I-J. Since 
A d G, K(G) must fix both J and K. Then J and K are unions of orbits of 
z(G). Clearly, every trivial orbit of X(G) is contained in K. Thus J is the 
union of a subset of the set of all nontrivial orbits of a(G). Hence there are 
only 2” possibilities for J. I assert that for each choice of J, there can be at 
most one possible A. Clearly, this implies that there are at most 2” normal 
subgroups of G which are isomorphic to M. 
If J is the empty set, then n(A) = 1 and so A = M. Now suppose J is not 
the empty set and assume B is a normal subgroup of G isomorphic to M 
such that J is the set of all points moved by x(B). Each nontrivial orbit 
of n(A) has length 2 and n(B) must fix each of these by 3.9. Hence n(A) 
and x(B) have the same orbits. If A is a nontrivial orbit and if t, is a trans- 
position interchanging the two elements of A and fixing all other points of 
Z, then it follows from 3.4 that t, EX(A) n x(B). But if we vary A, the 
elements t, are a basis for both n(A) and n(B). Hence n(A) = ~(8). This 
implies that AM = BM, and then 3.9 implies that A = B. 
It should be noted that the upper bound in 3.10 is attainable. For 
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example, ifs is any positive integer and G is the direct product of s copies 
of the dihedral group of order 8 and if M is an elementary abelian sub- 
group of order 2’” in G, then (G, M, Zz, 2s ) satisfies (* ). In this example, 
n(G) has s distinct orbits all of length 2 and A4 has 2’ distinct automorphic 
images. 
3.11. THEOREM. Suppose 1 RI = 2 and let Sz be a set of normal subgroups 
of G uqhieh are isomorphic to M. Assume that MESS but that 1521 > 1. Let 
H be the subgroup generated by all of the members of 8. Let I,, be the subset 
of all elements oj- I which are -fixed by every member of z(H) and let 
J= I- I,. Let d be the number of orbits qf z(H) in J and let T be the 
subgroup of G consisting of all elements x such that z(x) jixes each element 
of I,. Then H is a normal subgroup of G properly containing M and the 
following statements are true: 
(1) Each orbit of n(H) has length 62, z(H) is elementary abelian of 
order 2d, and 1 JJ = 2d. 
(2) H is nilpotent of class 2 or 3, Z(H)<M, @(H)=H’gM, and 
[M, H, H] = 1. rf 1521 =2 or if n is the set of all M” for (r E Aut(G), then 
H has class 2 and H’ < Z(H) < M. 
(3) H < T g G, n(T) is faithfully represented as a permutation group 
acting OFZ J and z(T) on J is isomorphic as a permutation group to 
Zz wr(Q, d) where Q is a permutation group of degree d. Here K(H) is iden- 
tified with the base subgroup of Zz wr(Q, d). Every normal abelian subgroup 
of T is contained in H and G/T is isomorphic to a subgroup of S,- Zd. If n(G) 
is transitive, then r = 2d, T = G, Q is transitive, and 1521 = 2. 
(4) rf M has a complement in H, then H is the direct product of d 
copies of the dihedral group of order 8 and (r - 2d) copies of Z,. 
Proof Clearly H is a normal subgroup of G properly containing M. 
From 3.4 with n = (G( we see that 2’ is the maximal possible order for an 
abelian subgroup of G. It is obvious from the definition that H < Ta G. 
Since rc( T) fixes every member of Z,, rr( T) is faithfully represented as a per- 
mutation group acting on J. Clearly n(G)/a( T) is faithfully represented as 
a permutation group acting on 1,. Thus G/T is isomorphic to a permuta- 
tion group of degree I1,,l. 
Let ie J. Then i must be moved by z(A) for some normal subgroup in 
G with A 2 M. Let A be the orbit of i under R(A). Then, by 3.4, IAl = 2 and 
3a E A such that Ir(a) is the transposition ([j) where j is the other member 
of i. It follows from 3.9 that A is fixed by every normal abelian subgroup 
of G. Hence A is the orbit of i under n(H) and so every orbit of n(H) in 
J has length 2. Then 1 JI = 2d and I1,J = r - 2d. The argument above also 
shows that if A is an orbit of length 2, then x(H) contains a transposition 
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interchanging the members of A and fixing all other points of I. It now 
follows that R(H) is elementary abelian of order 2d. Then 1Hj = 2rfd. 
Since H/M is abelian and since H is a 2-group generated by elements of 
order 2, @(H) = H’ < M. Therefore, [H’, M] = 1. If A EM, then [M, A] is 
generated by all elements of the form XJJ where (X ) and ( y ) are some Ri 
and R, in the same orbit of $A). Now if BE 52, then B fixes the nontrivial 
orbits of rc(A) and so B must centralize XY. This implies that 
[M, A, B] = 1. It follows from this that [M, H, H] = 1. Since H’<M, 
[H, H, H, H] = 1. 
If A E s2, then A is maximal abelian subgroup of G; hence 
Z(H) G C,(A) = A. 
Therefore Z(H) is contained in the intersection of all members of 52. Con- 
versely, this intersection is contained in the center. Since la1 > 1, Z(H) < h4 
and H is not abelian. Therefore, H is nilpotent of class 2 or 3. 
If H is generated by all automorphic images of M, then [H’, M”] = 1 for 
all rr E Aut(G). It follows from this that H’ < Z(H). If 101 = 2, then H = AM 
for some A E Q and H’ = [A, M] < A n M < Z(H). Certainly H cannot be 
abelian and so H would be nilpotent of class 2 if either I&?1 = 2 or 52 is the 
set of all 44” for r~ E Aut(G). 
Now let f = {A,, . . . . Ad) be the set of all orbits of n(H) in J. Since 
rr( H) -a rr( T), IC( T) must permute the members of r among themselves. Let 
Q be the permutation group induced by T on f. An element of n(T) acts 
on J by permuting the members of r among themselves according to some 
permutation from Q and then possibly interchanging the members of 
some of the A,%. The group of all permutations on J satisfying the above 
description is Z, wr(Q, r). (Here Z2 wr(Q, r) acts on Z, x f but it is easy 
to set up a one-to-one correspondence between Zz x r and J.) Hence rc( T) 
as a permutation group acting on J is isomorphic to a subgroup of 
Z, wr( Q, r). Now 7c( H) fixes every member of f and so Q is homomorphic 
image of n(T)/n(H). Hence In(T)/n(H)I 2 IQI. Also lx(H)1 =2d=21rl and 
so In(T)1 2 IQ1 In(H)I = IZ, wr(Q, ZJl. It now follows that n(T) is 
isomorphic to Z, wr( Q, r). In this isomorphism, n(H) must be contained 
in the base subgroup (since n(H) fixes each Ak) and, since n(H) has the 
right order, n(H) is identified with the base subgroup of Z, wr(Q, r). 
If B is a normal abelian subgroup of T, then B is normalized by AM 
where A is any member of R other than M, and 3.9 shows that n(B) fixes 
each nontrivial orbit of n(A). This implies that n(B) fixes each member of 
r. Therefore n(B) is contained in the base of Z, wr(Q, r). It follows from 
this that B< H. 
Now n(G) must fix both I, and J. Since H > M, 7c( H) # 1 and so (JI > 0. 
If X(G) is transitive, then it would follow that I, is the empty set. Then 
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I= J and so r = 2d We also wuld have T= G; since n(T) would be transi- 
tive, Q would be transitive as well. From 3.10, we would have IRI = 2. We 
now have proved ( 1 ), (2), and (3). 
If M has a complement U in H, then for each nontrivial orbit of z(H), 
U must contain an element u such that rc(u) is a transposition inter- 
changing the members of d and fixing all other points of I. Now U ~7c( H) 
which is elementary abelian of order 2d. The same argument used to prove 
3.9(2) can now be employed to show that H is the direct product of d 
copies of the dihedral group of order 8 and (r - 2d) copies of Zz. 
Two special cases when M has a complement in H should be mentioned. 
If X(G) has only one nontrivial orbit, then 3.10 implies that \sZl = 2 and 
H=AMfor AER-{MJ. Then AnMmust haveacomplement Bin A 
since A is elementary abelian; it is easy to see that B is a complement o 
M in H. Also if G is a wreath product with M the base subgroup, i.e., 
if G is Zz wr(rc(G), I), then M has a complement in G and so M has a 
complement in H. 
The final results in this section simply summarize our results when M is 
not a characteristic subgroup of G. 
3.12. THEOREM. Let G be a group such that (G, M, R, r) satisfies (*). 
Suppose M is not a characteristic subgroup of G and let H be the subgroup 
generated by all the automorphic copies of M. Then H is the smallest charac- 
teristic subgroup of G containing M and there is a positive integer d< r/2 
such that the following statements are true: 
( 1) R is a special dihedral group. 
(2) Oz.(G) = O,.(M). 
(3) H/O,.(G) is a 2-group of class 2 and @(H/O,.(G))= 
(H/O,(G))‘<Z(H/O,.(G)) < M/02(G). If M/O,.(G) has a complement in 
H/02(G), then H/O,(G) is the direct product of d copies of a dihedral group 
of order 8d and (r - 2d) copies of 2,. 
(4) There is a normal subgroup T in G such that T 2 H and T/M is 
isomorphic to Z, wr(Q, a) where Q is some permutation group of degree d. 
In this isomorphism, H/M is identt>ed with the base subgroup of 
Z, wr(Q, d). Every normal abelian subgroup of TfO,.(G) is contained in 
HjO,(G) and G/T is isomorphic to a subgroup of Srpzd. 
(5) ?f s is the number of nontrivial orbits of n(G), then 
IAWG) : ~,,,&Wl< 2”. 
Proof By 3.8, O,(G) = O,.(M) and R is a special dihedral group. Now 
O,.(G) is a characteristic subgroup of G but M is not. Therefore M/O,.(G) 
is not a characteristic subgroup of G/O,.(G). Since, by 3.2, (G/O,.(G), 
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M/O,.(G), R/O,.(R), r) satisfies (*), we may apply 3.10 and 3.11 to 
G/O,.(G). The listed results now follow. 
The special case when rc(G) is transitive is summarized below. 
3.13. THEOREM. Suppose the subgroups {R, , . . . . R, } all are conjugate in 
G. If M is not a characteristic subgroup of G, then the following statements 
are true: 
(1) R is a special dihedral group. 
(2) r = 2d for some integer d. 
(3) O,,(G)= O,,(M). 
(4) M has exactly 2 distinct images under the automorphisms of G 
(one of which is M itself ). 
(5) As a permutation group on the conjugates of R,, G/M is 
isomorphic to Z, wr(Q, d) for some transitive permutation group Q of degree 
d and the base subgroup of G/M is H/M where H is the product of the 2 
automorphic images of M. 
(6) H/O,(G) contains every normal abelian subgroup of G/O,.(G). 
(7) H/O,(G) is the direct product of d copies of the dihedral group of 
order 8. 
Proof This is proved in the same way as the previous result. 
When x(G) is transitive, it was pointed out earlier that M/O,(G) has a 
complement in H/O,.(G) and so we can give the more specific information 
concerning the structure of H/O,.(G). 
4. CONDITION (w) 
DEFINITION. We say that (G, M, N, R, S, r, s) satisfies (** ) if 
(a) (G, M, R, r) satisfies (*). 
(b) (G, N, S, s) satisfies (*). 
(c) Neither M nor N contains the other. 
Throughout this section, assume that (G, M, N, R, S, r, s) satisfies (**). 
4.1. LEMMA. Sot(G) is abelian and Sot(G) < M n N. 
Proof By 3.1, Sot(G) < Mn N. Suppose Sot(G) is not abelian and 
define x(x) to be the number of subnormal, simple, nonabelian subgroups 
of G which are normalized by x. Since N 2 M, 3x1~ Ri for some i such that 
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s 4 N; since M 3 N, 3~ E S, for some j such that ~9 $N. Then 3.1 implies 
both x(s) > x(.v) and x(.v) > X(X). 
4.2. LEMMA. M and N are solvable. 
Proof Since Sot(G) is abelian, OP( G) # 1 for some prime p. Assume, 
say, that M is not solvable. Then M is not a p-group and so, by 3.2, 
O,(G) < M. Since M 3 N, O,(G) 3 N. Thus N is not a p-group and 3.2 
implies that O,(G) < N. It now follows from 3.2 that (G/O,(G), M/O,(G), 
N/O,(G), R/O,(R), S/O,(S), r, s) satisfies (M). Since JG/O,(G)I < (Cl, 
induction can be used to conclude that M/O,(G) is solvable, contrary to 
our assumption that M is not solvable. 
4.3. LEMMA. The set of primes dividing JR1 is the same as the set of 
primes dividing 1 Sf . 
Proof: Let w be the set of primes dividing 1 RI and let p be the set of 
primes dividing ISI. Then M< O,,(G). Certainly, then O,(G) cannot be 
contained in N. It now follows from 3.2 that S is an w-group. This implies 
that p c w. A similar argument shows that o E p. 
4.4. LEMMA. If R or S is abelian, then I RJ = ISJ = 2 and r = s. 
Proof: Assume R is abelian. By 3.4, M is an abelian subgroup of maxi- 
mal order in G. Since N B M, 3.4 implies that ISI = 2. Then another use of 
3.4 shows that N is an abelian subgroup of maximal order and 1 RI = 2. 
Since now M and N must have the same order, r = s. 
Note that when I RJ = ISI = 2 and r = s, we could apply 3.11 with Q = 
{M NJ. 
4.5. LEMMA. Suppose R or S is a p-group for some prime p. Then 1 RI = 
ISI= andr=s. 
Proof: By 4.3, both R and S are p-groups. Because of 4.4, we may as 
well assume that R and S are both nonabelian. Then I RI and ISI are both 
ap3 > 4. Now let P be a Sylow p-subgroup of G. Then MN < O,(G) and, 
by 3.6(c), ICJ(P)(x)I > IC,,,(~)l whenever either XE Ri, 1 < i<r, and 
BEG-M or XES,, l<j<s, and LEG-N. As in 4.1, this leads to a 
contradiction. 
4.6. LEMMA. [RI = ISI r0 (mod 2). 
Proof: Assume (RI $0 (mod 2). Then, by 4.3, both R and S are 
2’-groups. By 4.1, O,(G) # 1 for some prime p > 2. By 4.5, neither R nor S 
is a p-group; then 3.2 implies that (G/O,(G), M/O,(G), N/O,(G), R/O,(R), 
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S/O,(S), r, s) satisfies (**). Since IG/O,(G)I c ICI, we may use induction 
on ICI to conclude that IR/O,(R)I is divisible by 2 and we have a 
contradiction. 
4.7. LEMMA. Zf O,.(G) = 1, then IRI = ISI = 2 and r = s. 
Proof: This follows from earlier results if either R or S is a 2-group; 
thus we assume neither is a 2-group. Since Sot(G) is abelian and 
O,.(G)=l, Oz(G)#l. Let T=O,(G). Then T<MnN and (G/T, M/T, 
N/T, R/O,(R), S/O,(S), r, sj satisfies (**). By 4.6, IR/O,(R)( = 
IS/O,(S)l r0 (mod 2). Then R/02(R) and S/O,(S) are not 2’-groups. If 
U/T= O,JG/T), then U<Mn N and (G/U, M/U, N/U, R/O,,(R), 
S/O,,.(S), r, s) satisfies (**). Since O,.(G/U) = 1, we may use induction to 
conclude that IR/02,,(R)I = IS/O,,.(S)l = 2. Then 4.4 can be applied to 
G/U with the result that r = s. A Sylow 2-subgroup of M/T has order 2’. 
Hence lA41z=2’ ITI =2” (TI = INlz. Also IMI,.= INI,,= lU/TI and so 
IMI = IN. 
Now (RI z = 2 I O,( R)I > 2; similarly, (SI 2 > 2. If P is a Sylow 2-subgroup 
of G, then 3.6(c) implies that J(P) < Mn N. Next let t be the minimum of 
JC,(,,(.Y)I as I runs through all elements of Pn Ri and P n Sj for all i and 
j. Relabelling and interchanging M and N if necessary, we may assume that 
3x~ Pn R, such that )C,(,,(.u)l = I. Let )’ be any element of Pn Sj for any 
j, 1 <j< r. Then our choice of x guarantees that IC,(,,(x)l < IC,(,,(y)I. It 
follows from this and 3.6(c) that ~1 EM. This implies that M contains 
P n N. Since P n N is a Sylow 2-subgroup of N and 1 MI = I NI, P n N is a 
Sylow 2-subgroup of M as well. Since U < M n N and since M/U and N/U 
are 2-groups, we conclude that M= U(Pn N) = N, a contradiction. 
4.8. THEOREM. R and S are isomorphic special dihedral groups, r =s, 
O,,(G) = Oz.(M) = O?,(N), and MN/O,.(G) IS a nonabelian 2-group which is 
the direct product of an elementary abelian 2-group and copies of the dihedral 
group of order 8. 
ProoJ: If 02(G) = 1, this follows from 4.7 and 3.11. Assume then that 
T= O,,(G)# 1. Since R and S are not 2’-groups, T<Mn N and (G/T, 
M/T, N/T, R/O,.(R), S/O,.(S), r, s) satisfies (**). Since 02.(G/T) = 1, it 
follows from 4.7 that I R/O,,( R)I = IS/O,(S)\ = 2 and r = s. Since JM/TI = 
2’= 2”= IN/TI, M and N have the same order. Thus [RI = JSI. Since 
N 2 M, there is an element x of order 2 contained in some Ri with x$ N. 
Let U = Tn Ri. Then T is the direct product of r copies of U and 
ICr.(x)l = IUl’-’ IC,,(.u)l. On the other hand, T is the direct product of r 
copies of O,(S) and .Y permutes these factors nontrivially. Hence, since 
lO,.(S)l = lSlz,= lRlr= IUI, 
(C,(x)l < lo,,(s)l’-‘= (uI’--‘. 
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Therefore, IC,..(x)l = 1. This implies that U is abelian and .Y~ ‘KY = u ’ for 
all UE U [S, V.8.181. Hence R is a special dihedral group. 
Since M 3 N, a similar argument shows that S is a special dihedral 
group. Since T is the direct product of r copies of O,(R) and also of r 
copies of O,.(S), we see that O,.(R) and O?.(S) must be isomorphic. It 
follows from this that R and S are isomorphic. Finally, if we apply 3.11 to 
G/T with sZ= (M/T, N/T}, we find that MN/T is a nonabelian 2-group 
which is the direct product of an elementary abelian 2-group and copies of 
the dihedral group of order 8. 
Of course in the above result, we also could use 3.11 to conclude that 
G/MN has a normal subgroup which is a wreath product of Z, and some 
permutation group. We limit ourselves to the special case when G acts 
transitively on (R,, . . . . R,}. The result below follows directly from applying 
3.10 and 3.11 to G/O?(G). 
4.9. THEOREM. Suppose (R, , . . . . R,} are ail conjugate in G. Then the 
following statements are true: 
( 1) R and S are isomorphic special dihedral groups. 
(2) r=s=2dfor some integer d. 
(3) O,,(G) = O,.(M) = O,,(N). 
(4) MN is a characteristic subgroup of G and MN/O,.(G) contains 
every normal abelian subgroup of G/O,.(G). 
(5) G/M as a permutation group on {R,, . . . . R,} is isomorphic to 
Zz wr( Q, d) for some transitive permutation group P of degree d and the base 
subgroup of G/M is MN/M. 
(6) M/O,.(G) and N/O,.(G) are the only normal elementary abelian 
subgroups of order 2’ in G/O,.(G). 
(7) MN/02.(G) is the direct product of d copies of the dihedral group 
of order 8. 
5. CONCLUSIONS FOR FINITE TRANSITIVE WREATH PRODUCTS 
5.1. THEOREM. Let P be a transitive permutation group of degree r 
and let R be a finite group. Let G be the wreath product R wr(P, T) and 
let M be the base subgroup CR’ of G. Then M is not a characteristic 
subgroup of G if, and only tf, R is a special dihedral group and P is the 
wreath product Z, wr(Q, d) with Q a transitive permutation group of degree 
d and r = 2d. Also if M is not a characteristic subgroup of G, then 
IAWG) : N,,,,,,(M)1 = 2. 
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Proof. If M is not a characteristic subgroup of G, then Theorem 3.13 
implies that R is a special dihedral group, r = 2d, P = Zz wr(Q, d), and M 
has 2 distinct images under Aut(G). Now assume that R is a special 
dihedral group, r = 2d, and P = Z, wr(Q, d). If T= R wr Z,, then by [9, 
Theorem 9.121, T has an automorphism 0 which moves the base of 
R wr Z,. G is isomorphic to the wreath product T wr(Q, d) and if we apply 
0 to each copy of T and map every element of Q to itself, we obtain an 
automorphism of G which moves the base of M. 
5.2. THEOREM. Let P be a transitive permutation group of degree r and 
let R be a finite group, Let G be the wreath product R wr(P, r) and let 
M= CR’. Assume that N is a normal subgroup of G and N is the direct 
product of isomorphic subgroups N = S, x ... x S, where (S,, . . . . S,} is the 
union of conjugacy classes in G. Assume that G/N is faithfully represented as 
a permutation group on (S,, . . . . S,,}. Then one of the following is true: 
(1) M<N. 
(2) N<M. 
(3) (a j R and S, are isomorphic special dihedral groups. 
(b) r = n = 2d for some integer d. 
(c) P is the wreath product Z, wr(Q, d) with Q a transitive 
permutation group of degree d. 
(d) N= M” for some Q E Aut(G). 
Proof. If neither (1) nor (2) hold, then (G, M, N, R, S,, r, n) satisfies 
(**). Then R and S, are isomorphic special dihedral groups, r = n = 2d for 
some integer d, and P = Z, wr(Q, d) with Q a transitive permutation group 
of degree d. By 5.1, G has an automorphism 0 which does not fix M. Since 
M/O,.(G) and W/O,.(G) are isomorphic, it follows from 4.9(6) that 
M”=N. 
The “if” portion of Theorem 5.1 need not be true if our group is a 
twisted wreath product instead of a wreath product. Consider the following 
example: Let V be the direct product of 4 cyclic groups of order 15 and let 
{zi I 1 < i < 4) be generators of the four factors. Let xi, a, and c be the 
automorphisms of V defined by 
x -I ,:z,+zl , ZZ-+Zl, z3-+z37 i-4 + z4 
a: z, --, z2, ZZ-‘Zl, 4 z3 +z3, Z‘J -+ 2: 
c: z, -‘z3, zz-‘24, z,+z,, z‘j -+ z2, 
Let G be the semidirect product of V and the subgroup of Aut( V) 
generated by -x1, a, and c. Let x2 = a-‘x,a, x3 = c-‘xlc, x4 = a-‘cB1xIca, 
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and b = c~~‘ac. If Ri = (z,, .Y!), then Ri is a dihedral group of order 30 and 
ifM=(RiI l<i64), then Mis thedirect product R,xR,xR,xR,and 
G/M is faithfully represented as a permutation group on { Rj 1 1 d ib 4). 
G/M1 (a, 6, c) which is dihedral of order 8. G is in fact a twisted wreath 
product of a dihedral group of order 30 (which is a special dihedral group ) 
by .Z2 wr Zz. However, M is a characteristic subgroup of G. To see this, 
consider first that V certainly is a characteristic subgroup of G since 
V= Oz(G). Thus if M were not a characteristic subgroup of G, then there 
would be some automorphism cr which moved some xi to some element 
y E G - M. Now J must be of order 2 and cannot fix each (z,) (since 
y 4 M). Without loss of generality, we may assume that J ~ ’ (2, ) y = ( zk ) 
for some k # 1. There are only four elements of order 2 in G/M which do 
not fix (z, ). It follows that one of the following is true: 
(1) Y-‘(zi)J= (zz), ?‘-‘(=*)J’= (z,), I’-‘(zJ)J 
= (z3>, ? -‘(z4) y= (z4) 
(2) y’(z,).1(= (z2), y-‘(z2)1)= (z,), ?‘-‘(Z3)J 
= (z,), )‘-‘(z4)y= (z,) 
(3) ?‘-‘(-‘,)y= (z,), y’(z2)1’= (q), J’-‘(zj)J 
= (z,), y-‘(z4))‘= (z*) 
(4) y-1 (z,)y=(z4), y-‘(z,)y= (z,), y-‘(z,)y 
= (z,), y-1 (zq)y= (z,). 
In cases (2), (3), and (4), lC,(y)l < 152< 153= lC,(x,)l. But V is a 
characteristic subgroup of G and so lCV(,,)l = JC,(x,)l. Hence case (1) 
occurs and so y normalizes both (z3) and (L,). This implies that 
JEM(u). Furthermore, in order for [C,,(y)1 to equal lC,(?c)l, y must 
centralize (z3, zq). It is straightforward to verify that (x3, x4, a) is 
faithfully represented as a group of automorphisms of (z,, zq) and so 
C M<o>((Z39 4 z )) = V(x,, x2) 6 M and so ~1 must belong to M after all. 
6. BODNARCHUK'S ARGUMENT 
First we exhibit groups G = R wr(P, I) satisfying the following: 
(1) P is a transitive permutation group of linitary permutations 
acting on the set I. 
(2) The base subgroup of G is not a characteristic subgroup of G. 
(3) Neither P nor R contains any elements of order 2. 
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Thus Theorem 1 of [2] is false. The following examples were pointed out 
to me by L. Kovacs; the details of the construction can be found in [4]. 
Let p be an odd prime, let Z-Z be a group of order p, let n be the set of 
all integers with the natural ordering, and let G be the wreath power 
(defined in [4]) G = Wr H”. Then G is a locally finite p-group and so G 
cannot contain any elements of order 2. Next let A = {ri E ,4 1 n < 0} and 
f = {n E n 1 n >O}. It is shown in [4] that G = R wr(P, I) where R = 
Wr Hd, P= Wr Hr, and Z is the set on which P acts (wreath powers are 
defined in [4] as permutation groups). It is shown in [4] that P is transi- 
tive and, since f has a first element, every element of P moves only finitely 
many points in I. Finally, the mapping n + n + 1 is an order-preserving 
permutation of n and this induces an automorphism of G which does not 
fix the base subgroup. It will follow from Theorem 6.1 that the base 
subgroup is a CE-subgroup of G. 
While Theorem 1 of [2] is false as it stands, the argument does lead to 
a correct although different result. The proof of the following theorem is for 
the most part simply an amplification of the argument in [2]. The assump- 
tion in [Z] that P consists only of linitary pe,mutations does not seem to 
have been used in [2], and it is dispensed with here. 
6.1. THEOREM. Let P be a transitive permutation group on the set Z, R a 
group, and G = R wr(P, I). Let M be the base subgroup .XR’ and let Q be the 
stabilizer in P of a point in I. Then one of the following is true: 
(1) M is a characteristic subgroup of G. 
(2) M is a CE-subgroup of G. 
(3) P has a nonidentity normal elementary abelian 2-subgroup and R 
is of dihedral type. 
Furthermore, (2) cannot occur if IQ\ is finite or P is hopfian or R’“’ is co-sn- 
hopfian for some positive integer n. 
Proof Suppose cr E Aut(G) and M” 3 M. We proceed to derive a series 
of lemmas under this assumption but first we introduce some notation. Let 
rc be the natural homomorphism of G onto P. Then n(x)-’ XE M for all 
x E G. Let r denote a fixed element of Z and let J = I- {I }. Let Q be the 
stabilizer in P of 1. If iE Z and r E R, let ei,l be that element of M such that 





if j # i. 
Let Li be the subgroup of M consisting of e,, for all r E R. Then Li 2 R, M 
is the direct sum of { Li ) i E Z}, and h4 is the normal closure of Li in G. We 
write simply e, and L for e,,, and L,, respectively. 
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6.2. LEMMA. 3~ E Inn(G) such thut (MQ)“’ > L. 
Proof: Since P acts faithfully and transitively on Z, 
\ E G 
Now M” 3 A4, M= ( Li 1 iE I), and M Q G. Hence, 3~ I such that 
(Me)” & Li . But L and Li are conjugate in G and so 3~ E Inn(G) such that 
WQY’ 3 L. 
We now assume that 7 is a fixed member of Inn(G) such that 
(Me)“’ 3 L. Let c(=c7 and U=CI-‘. Let S be the set of all reR such 
that rr(eT) E Q. Then S is a subgroup of R but it follows from the lemma 
that S# R. Let A be the set of all elements XE G such that rc(Y“)$ Q. 
6.3. LEMMA. (a) If x E P, then 3m E M such that xm E A. 
(b) IfmeA4, then!lm*EMsuch thatm*EAandm*(j)=m(j)forall 
jE J. 
Proof: LetrER-Sande=e,.Thene”$MQ.IfgEGandg$A, then 
g” E MQ and so (se)” 4 MQ. Hence for all g E G, either g E A or ge E A. In 
(a), let nz=l if gEA and m=e if g$A. In (b), let m*=m if meA and 
m*=meifm#A. 
We now introduce some more notation. If r E R, then e: = x,m, for a 
unique X, E P and m, E M. This defines mappings r +x, and r + m, of R 
into P and M, respectively. Since .x,= rr(e;), we see that r + x, is a 
homomorphism of R into P. Denote this homomorphism by p and let K 
be the image of R under p. 
6.4. LEMMA. Suppose x E P, m E M, and x- ‘m E A. Then for all r, r’ E R, 
[x-‘x,x, x,,] = 1. Zf ie I, then 
m(ixi ‘x ~ ‘x; ’ ) m,(i,ss, ‘,C ’ ) m(i.u, ‘.C ’ ) - ’ m,.(i) 
=m,.(fx-‘x;‘x) m(i-x-‘x;‘) m,(i,u-‘) m(ix-‘)-I. 
Proof: Let y= (xc’~)“. Then K(Y)$ Q and so SLY-’ = Lj for some 
Jo J. Then 
[yLy-‘, L] = 1 
Hence 
[yery-‘, e,.] = 1. 
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If we apply IX to this, we obtain 
[~-~rnx,rn,rn-~x, x,.m,.] = 1. 
If the left-hand side of this last equation is put into the form zn with ZE P 
and n E M, then since P n M = 1, we must have z = 1, which leads to the 
first equation, and n = 1, leading to the second. 
6.5. COROLLARY. The normal closure of K in P is abelian. 
Proof. Let XE P. Then 3mE A4 such that .x-‘rn~ A by 6.3(a). It now 
follows from 6.4 that 
[K’x,x, x,,] = 1 
for all r, r’ E R. This implies that [x-‘Kx, K] = 1 for all x E P and it follows 
from this that the normal closure of K in P is abelian. 
6.6. LEMMA. Suppose m E M, r E R, and ie I. Assume either m E A or 
{i, ix;‘, ix;‘) GJ. Then 
Proof: Suppose m* EM and m* E A. Then 6.4 with x = 1 and r’ = r 
yields 
m*(iwxi2) m,(ix;‘) m*(ix;‘)-’ m,(i) = m,(ix;‘) m*(ix;‘) m,(i) m*(i)-’ 
for all iE I. If m E A, then replacing m* by m gives the desired result. 
Assume then that m $ A. Then {i, kc; ‘, ix,‘> c J and so by 6.4, 
3m* E Mn A such that m*(j) =m(j) for all j belonging to the set 
{ i, ix, ‘, ix; ’ }. With this choice for m*, we obtain the lemma. 
6.7. LEMMA. rf r E R, then every orbit of x, has length at most 2. 
Proof: Suppose x, has an orbit X of length > 2. Let u be a fixed element 
of R-S; clearly u is not the identity. First suppose I E X. Let m = e,. Then 
meMn A. Also IX;’ and IX;’ are distinct from r. It now follows from 6.6 
that 
m,(tx;‘) m,(t) =m,(tx;‘) m,(r) u-’ 
which contradicts u # 1. Thus I 4X. 
Now let ie X. Then i, ix, ‘, and ixi2 are distinct elements of J. If 
m=e. ,,U, then it follows from 6.6 that 
m,(ix;‘) m,(i) =m,(ix,‘) m,(i) us’ 
and we again have the contradiction u = 1. 
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6.8. COROLLARY. The normal closure of’ K in P is an elementary abelian 
2-subgroup of P. 
Proof: Since every orbit of x, has length at most 2, xf = I for all r E R. 
It follows from this and from 6.5 that ,Y’ = 1 for all .x in the normal closure 
of K in P. 
6.9. LEMMA. Suppose r E R and x, has an orbit of length 2 which does not 
include 1. Then R is an elementary abelian 2-group. 
ProojI Suppose x, interchanges i and j where i and j are distinct 
elements of J. Let s be any element of R and let m = c,.~. Since 
(i, ix;‘, i,u,’ - } {i, j} G J, it follows from 6.6 that 
n~(i)m,(j)m(j)~‘m,(i)=m,(j)m(j)m,(i)m(i)-’. 
Since m(i) = 1 and m(j) = s, it follows that s’ = 1. Hence R is an elementary 
abelian 2-group. 
6.10. LEMMA. Suppose r E R and xr has an orbit of length 2 which 
includes 1. Then u2 = 1 for all u E R - S, S is an abelian normal subgroup of 
R, u-‘su=s~’ for all s E R and u E R - S, and R is of dihedral type. 
Proof: Assume x, interchanges 1 and i. Let u E R - S and m = e,. Then 
7 mEMnA and so by 6.6 (using ixrp’=l and ix, -=ij, 
Since m(i) = 1 and m(z) = U, we obtain u’= 1. 
Now let SE S. Then USER-S and so (us)‘= 1. It follows that 
u -1 su=s-‘. Hence S is an abelian normal subgroup of R. If S is an 
elementary abelian 2-group, then x2 = 1 for all x E R and so R is of dihedral 
type since it is an elementary abelian 2-group in this case. Suppose then 
that S contains an element whose square is not the identity. Then no 
element of R -S can commute with this element and so C,(S) = S. But if 
v E R - S, then u and v induce the same automorphism of S and so 
UU ~ ’ E C,(S) = S. Hence I R/S1 = 2 and R is of dihedral type. 
6.11. LEMMA. If K # 1, then M 3 M”, P has a nonidentity normal 
elementary abelian 2-subgroup, and R is of dihedral type. 
Proof: Assume K# 1. Then M 3 L” from which it follows that 
M 3 M”. By 6.5, P has a nonidentity normal elementary abelian 2-sub- 
group. Since K # 1, 3 E R such that x, # 1. By 6.7, x, must have an orbit 
of length 2. Then by 6.9 and 6.10, R is of dihedral type. 
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6.12. LEMMA. If K= 1, then the following statements are true: 
(a) M”<M. 
(b) R is not solvable. 
(c) (Len’)’ < L’“’ for all n 2 1. 
(d) lM/M”l d IPI’. 
Proof Suppose K= 1. Then x, = 1 and e: = m, for all r E R. Hence 
L” < M. This implies that M” < M. Now o! = gr, M’ = A4 (since r E Inn(G)), 
and M” 3 M. Hence M” < M. 
Then M’“>M. Fix MER-S and let x=ez. Then XEIW’ but x$MQ. 
Then XC’Lx= L, for some k #r. It follows from this that R is a 
homomorphic image of [L, x]. Thus R is involved in (M”)‘. Therefore, R 
is involved in M’. If R were solvable, then for some positive integer m, we 
would have R’“’ = 1 # R’” - ’ ‘. (Obviously R # 1 since M # 1.) Since M is 
a direct sum of copies of R, MCm) = 1. Then (M’)‘” - ’ ’ = 1. Since R 
is involved in M’, it would follow that R(“‘+ i) = 1. Thus R cannot be a 
solvable group. 
Next let n be a positive integer. Since L(“‘# 1 and x-‘L’~!x 6 L,, L’“) is 
not a normal subgroup of M”. Since L’“) is a normal subgroup of M, we 
conclude that (L’“‘)” # L(“). In order to prove that ( L’“))a < L(“), it suffices 
to show that (L(“))’ < L(“). This will follow once we prove tat (L’)” < L’. 
Let r, r’ E R and js J. If m = e,, then m E A (since u E R - S). Using 6.4 
with x = 1 and since x,=x,, = 1, we obtain 
m,(i) w(j) = +(A m,(i). 
Thus if m,(z) = t and m,.(l) = t’, then [m,, rrrn,.] = [e,, e,.] EL’. From this 
and the fact that 
(Lx)‘= ([e:, e:,] I r, r’E R) = (Cm,, m,,] I r, r’E R), 
we conclude that (L’)’ = (L’)’ < L’. 
From L’ # 1, we have NJL’) = MQ and NG(( L’)“) = (MQ)“. Since 
(L’)” < L, Lj centralizes (L’)” for all je J. But then it follows that 
L, Z$ (Me)“. Thus if K= ,ZRJ, then KG (Me)“. Let g be any element of G 
not in MQ. Then 3j E J such that g-‘Li g = L. Hence 
L<g-‘(MQ)“g=(Mh-‘Qh)“, 
where h = g”. Since M = KL, we have 
ME (MQMh-‘Qh)“= (MQh-‘Qh)? 
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It follows from this that IM/M’I d IQl’. Now M”= A4” and so 
lM,/M”l d IpI*. 
6.13. COROLLARY. If K = 1, then P is not hopfian, IQ1 is infinite, and 
R(“’ is not co-sn-hopfian for all n 3 1. 
Proof: Since (L’“‘)” 4 M” a G” = G, it follows from 6.12(c) that L’“’ is 
isomorphic to a proper subnormal subgroup of itself. Since R z L, we see 
that R(“) is not co-sn-hopfian. Now P z G/M2 G/M”. Since, by 6.12(a), 
M”<M, 
Pz G/M2 (G/M”)/(M/M”) 
and so P is isomorphic to a proper factor group of itself. Thus P is not 
Hopfian. 
Finally, suppose Q has finite order. If we apply cr repeatedly to 6.12(a), 
we obtain 
If v = ok for some k 2 1, then M’ 2 M and so our previous work is 
applicable with CT replaced by v. Since M’ < M, it follows from 6.11 and 
6.12 that IM/M’I < IQl’. Since we are assuming that IQ1 is finite, this 
would imply that the series 
M>Ma>Mo’>Mu3> . . . 
could have only finitely many terms. This obviously is not the case and so 
IQ1 must be infinite. 
We now return to the proof of Theorem 6.1. Our work above can be 
summarized as follows: 
6.14. LEMMA. If CJ E Aut(G) and M” 3 M, then one of the folloowing is 
true: 
(a) P has a nonidentity normal elementary abelian 2-subgroup and R 
is of dihedral type. 
(b) M” -C M, IQ/ is infinite, P is not hopfian, and R(“’ is not co-sn- 
hopfian for all n 3 1. 
Now for every aE Aut(G), if M”# M, then either M” 3 M or 
MC’ 3 M. The conclusion of 6.1 now follows from 6.14. 
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